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ABSTRACT

Time series analyses are carried out on earthquake data from the main seismic
region of New Zealand for the years 1942-61. Origin times only are considered, the
energies and exact positions of the shocks being largely ignored. The relevant statis-
tical theory for the first and second order properties of the process is described, and
simple probability models for earthquake occurrence are put forward. On the basis
of these results, the data are examined for periodic and grouping effects. No
significant periodic effects are found, either among the shallow shocks (depths up
to 100 km) or among the deep shocks (depths 100 km or greater). Both components

show strong evidence of grouping, and several alternative models to describe this
effect are put forward and compared.

1—INTRODUCTION

Time series methods have been used for a long time in the analysis of
earthquake frequencies, but many of the papers make little use of the
statistical techniques which are now available. Our aim in this paper is to
apply some of these techniques, especially spectral analysis, to earthquake
records from New Zealand. Any statistical analysis relies ultimately on a
probability model of the process under consideration, and in the course of
the paper we shall develop some simple models for earthquake occurrence.
Like the chemical processes employed by the Curies, these methods can be
used to extract a small quantity of active information from a large body
of inert data. We hope that in the present context they may prove useful
to the seismologist. In particular, it is possible that the study of suitable
stochastic models may ultimately throw some further light on earthquake
mechanism.

* The records from a small, self-contained seismic region (of which the

.nain seismic region of New Zealand appears to furnish a reasonable

example) reveal time series of extremely complex structure. Large fluctua-

~tions in the numbers of shocks per year, complicated sequences of related

shocks, dependence of statistical parameters on depth and perhaps magni-
tude, and fluctuations of activity on a larger time-scale, all appear to be

_characteristic features of such records. An earlier paper (Vere-Jones,

*Now with Department of Statistics, Australian National University, Canberra.
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Turnovsky, and Eiby, 1964) attempted to ascertain the slow fluctuations
in activity (in the form of linear trends) from data compiled by the New
Zealand Seismological Observatory over the period. 1942-61. In this paper
we shall use the same data as the basis of a time-series study. In general,
we shall ignore the locations and magnitudes of the shocks, except in so far
as they determined the four classes of shocks described in the earlier paper:

(a) The total shocks.

{b) The shallow shocks (depths less than 100 km) *

(c) The-deep shocks (depths greater than or equal to 100 km).

(d) The modified list of shallow shocks, obtained after the large swarms

and aftershock sequences have been removed.

We refer the reader to the earlier paper for a more detailed account of
the data, and a discussion of its limitations. It is restricted to the main
seismic region of New Zealand, and to shocks which have an instrumental
magnitude of 4'5 or greater.

After removal of linear trends, the data from each class were assumed
to represent data from a stationary time series. There is, of course, no
reason to suppose that all the non-stationarity is contained in the linear
trends, but we could regard our procedure as the first step in a series of
approximations. Thus we can use the data after removal of linear trends
to form a rough estimate of the covariance structure; knowing this, we can
then estimate a more complex trend, and so on.

The techniques we shall use are standard methods of time-series analysis,
modified slightly to take into account the discrete nature of earthquake
occurrence. Some of the ideas may be new in the present context, so that
we have discussed them in more detail than would usually be necessary.
Section 2 contains background material, while sections 2.1-2.2 are con-
cetned with particular models for earthquake occurrence. The technique
of spectral analysis is described in section 2.3, and the following three
sections contain some applications. In section 2.7 we comment briefly on
energies. Sections 3.1-3.4 contain evaluations of the results for each of the
four classes of earthquakes in turn.

2.0—STOCHASTIC POINT PROCESSES

The stochastic processes relevant to a description of earthquake occur-
rence are known as “‘stochastic point processes”. In these processes events
occur singly, or perhaps in small groups, at (to a first approximation)
instants of time. They are to be distinguished from the stochastic processes
which develop continuously in time. The probability structure of a point
process is described by the distributions of the number of events in particular
intervals or collections of intervals. For practical purposes, the first and
second order properties of these distributions (the means, variances, and
covariances), are especially important. These quantities can, in general, be
written down in terms of two basic functions, the instantaneous rate »2(#),

*We have included the 100 km shocks with the deep shocks instead of the shallow
shocks as in the earlier paper.
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and covariance density C(#, #). The instantaneous rate at a given time ¢ is
defined as the limit of the mean rate of occurrence of events in a small time
interval about ¢#, as the length of the interval tends to zero,

) = lim ENG = a4 f)/ (et B) )

N(#,, #,) here represents the number of events (a random variable) occur-
ring in the time intervals (¥, #,). The process is assumed to be sufficiently
regular for the limit to exist and to be finite (and for our purposes bounded)
in the whole of the time interval under consideration.

The covariance density is defined as the limit of the covariance of the
numbers of events in two small time intervals, divided by the lengths of the
time intervals, as the two lengths tend to zero,

[N(t— o t + B), N(# —v, # + 8)]
C(u, t) = lim - Cov
a, BY,820 («+B) (y+3) (2)

Again it is assumed that this limit exists and is finite for all relevant pairs
of values of # and ¢.

The mean and variance of the numbers of events in any interval (2, 2,)
are given by

t,
E[N(t;, )} = J‘ m(2)dt 3

b

[ t, (1
Var [N(t,, 1,)} = j m($)dt + [ ( C(y,t)ydadt (4)
b hoJh

and the covariance of the numbers of events in two disjoint'intervals

(t, t2) and (%5, £4) by

te [t
Cov[N(t, ), N(ts, 1)} = L S C(u, t) du dt )

t,

the process is stationary—when its probability structure is un-
chfggl;l;ng withP time—these equations assume 2 particularly mm;e)(lie fotrm.
In this case m(#) must be a constant (say m) and C(% £) ml_lstlr uce 't?na
function C(v) of the difference » = (# — #) alone. In particular (writing
+ = 1, — 1,), Equations (3) and (4) take the form

E[N(n)] = mr ©)

Var [N(r)} = mr+2 j‘ (r— #) C(#) d# | )]

o

Inset—1
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2.1—THE PoissoN MODEL

The natural starting point for a discussion-of stochastic models for earth-
quake occurrence is the Poisson: process. The fundamental property of the
Poisson process is that the numbers of events in any two disjoint intervals
are independent random variables. This property and the supplementary
conditions that the probability should be asymptotically proportional to the
length of the interval, and that the probability of more than one event in the
small interval should be asymptotically negligible (o(d#) ), are sufficient to
specify the whole probability structure of the process.

The probability of exactly » events occurring in the interval (2, #,) is
given by the formula .

Pn = AQ, )" exp { — A(#y, 22) } /7! (®

12
where A(t,t;) = J A(#)dt and A(#) is the instantaneous rate defined in
. t
equation (1).

From equations (3) and (4) we have

E[N(t, 1)} = Var [N(t, £2)] = A(t, 72) 9

If the process is stationary we can write A(f) = A (a constant) and
A(ty, 1) = (2, — t,)A. Then

E[N(#, 72)} = Var [N(t, 1)} = (1. — ) (10)

Many processes approximate quite well to the Poisson process in spite of
its restrictive definition. One reason for this is that a process built up of a
number of small, independent components will resemble a Poisson process
more and more closely as the number of components increases, and the
contribution from each decreases (Khinchin, 1955). It might be thought,
therefore, that the process considered here, representing the sum of contri-
butions from many different areas and depths, would be of this type. We
shall see that this is not the case. A considerable proportion of the shocks
in any interval appear to come from only a small number of active sources.

Some reasons for supposing that the Poisson model is not satisfactory were
put forward in the earlier paper. This conclusion is strengthened by a direct
examination of the covariance structure and the distribution of interval

lengths.

To determine the covariance structure, an autocorrelation analysis was
carried out on the numbers of shocks occurring in successive 01 year
periods. A separate analysis was carried out for the four classes of shocks
listed in section 1. In each case a linear trend was removed from the
uncorrected data and the autocovariances computed from the formula

N—3s

1
¢, = Yr)lr+s (11)
N—s : :

1
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where N is the total number of intervals (here 200), the y, are the trans-
formed variables (after the trend and mean has been removed), and the

e 3y

v’ on the symbol denotes an estimated value.

Values for the first 10 autocovariances are given in Table la. Fully '
efficient tests for dependence are hard to establish, but with 200 observa-
tions, the distribution of the ¢;/&, should be approximately that of the
ordinary correlation coeflicient, and on this assumption, the first of the
ratios C;/C, can be used to test whether there is some degree of correlation
present. A one-sided test is appropriate, and the 5%, 2%, and 1% values
for each group (scaled up by the factor &, in each case) are listed in
Table 1b. In all cases the value of &, is significant at the 5% level, and
for the shallow shocks and for all shocks at the 19, level.

This evidence is of most interest for the deep shocks, for which it has
usually been assumed that there are few or no groups of related shocks.
However, as pointed out in the earlier paper, the printed lists show numerous
groups of deep shocks, occurring over periods of a year or so, within very

" narrowly defined limits of latitude and depth. In this paper also, we find
repeated evidence of dependence among the deep shocks.

The high value of C, in the fourth row of Table 1a points in a similar
manner to a residual dependence among the shallow shocks, even after the
obvious groups of swarms and after shocks have been removed.

A more sensitive indicator of deviations from the Poisson model is the
ratio of the variance to the mean (the Poisson index of dispersion). This
has the expected value-of a unity for a Poisson process (Equation 9), and
for a large number of observations its distribution is asymptotically propor-
tional to a y* distribution with (N — 1) degrees of freedom. The values
of this index are shown in Table 1c. Since the 0-19% point is 1-33, for all
groups, the Poisson hypothesis is rejected at a very high level.

The large fluctuations are even more striking if we take a larger period.

Fig. 1 shows the observed variance (actually I}(T) /7) for the shallow shocks
for a period of length r for different values of r. The variances have been
calculated from the formula (Murthy, 1961)

2

v 1 T—r1 . T
Vi) = —-—-———J‘ Nz(z, ¢ + 7)dt - — N2(0, Ty (12)
T 1=

— T o

where T is the total time of the sequence considered.

The lower horizontal line on the same figure represents the variance for
a Poisson process with the same rate (V' (1) = Ar).

Final evidence of grouping comes from the distribution of the interval
. lengths between shocks. In Table 2-we have set out the distribution of
interval lengths between shocks for two series of 101 shocks, one series for a
quiet period (1954-56), and one for an active period (1946—49). In both
cases the numbers in each cell were compared with the expected numbers
from an exponential distribution having the same mean. The * value for
the quiet period is somewhat greater than its expected value (8), but not
significantly so. This seems to indicate that for a quiet period the Poisson
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TABLE la—Autocovariances for Numbers of Shocks in 0-1 Year Periods

Shock Types G G G G G -G Ce G G G Co
All shocks 12:9 2-5 0-7 1-61-8 0-7 1-3 1-7 0-7 0-9 21
Shallow shocks 9:52-1 —0-21:014 —0-1 —1-2 1-2 1-0 0+5 0-8
Deep shocks 3-5 04 0-10-30-3 04 01 —0-1—0-10:0 00
Modified shallow
shocks 3-4 0:4 0-10-00-2 0-2 0-1 0-1 0:-2 0:0 —0-2
TasLE 1b—-Significance Levels for G TABLE 1c—Mean and Poisson
Index
Shock Tfpes 5% 2% 1% Mean Poisson Index
All shocks 1-5 1-9 2-1 5.7 2-3
Shallow shocks 1:1 144 1:6 3.2 3.0
Deep shocks 04 05 0-6 2-5 1-4
Modified shallow shocks 04 05 06 2-3 1-5
TABLE 2—Distribution of Time Intervals between Shocks
SERIES I—(5.1.54-4.5.56)
Intervals (days) 0 1 2 3 4 5 6-7 8-9 10-12 13+
Observed No. 12 12 7 9 3 6 10 8 13 20
Expected No. 8-111-1 9-8 86 76 6-7 11-1 8-7 9-5 20-9

Mean length = 8-0 days.  x* (8 degrees of freedom) = 11-0.

Series I1—(15.10.46—4.1.48)

Intervals (days) 0 1 2 3 4 5 67 89 10-12 13+

Observed No. 24 13 10 8 12 5 11 5 5 7
Expected No. 10-6 18-0 14-3 11-5 9.2 7-3 10-5 6-7 58 .6-1

Mean length = 4-5 days.  x* (8 degrees of freedom) = 23-0.

The 5% and 19% values of x* with 8 degrees of freedom are 15-5 and 20-1,
respectively.

p—
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approximation may not be unreasonable. For the active period, however, the
x° value is significant at the 1% level indicating that the Poisson approxi-
mation is then quite inadequate. In each the largest deviation is at zero—
there are more closely spaced shocks than there should be on the Poisson
model.

The possibility of describing earthquake occurrence by a Poisson process
has been investigated by a number o? authors, especially by V. N. Gaisky,
who has studied the records of Central Asian earthquakes. These investiga-
tions have chiefly concerned the occurrence of large shocks, for which no
appreciable divergence from the Poisson law is found (Gaisky, 1961 ; Gaisky
and Katok, 1960; Gaisky and Bil'man, 1962). These results do not form a
real contradiction to those of the present paper since we are not examining
the distribution of large shocks, but the correlations among shocks of small
or moderate size.

Indeed such results give an added plausibility to the models discussed in
the next chapter, where it is supposed that groups of small shocks are
initiated by major events obeying the Poisson Law. An earlier paper by
Ljapunov and Fandjusina (1950) showed that with Central Asian earth-
quakes, also, discrepancies from the simple Poisson law may occur when
earthquakes of smaller size are considered.

2.2—TRIGGER MODELS

The results so far established point to a significant degree of dependence
among earthquakes. There is a positive correlation among the numbers of
earthquakes in successive time intervals, which produces (in accordance
with Equation 4) a high variance for the numbers of shocks in an interval
of fixed length. Such properties place the earthquake process among the
general class of “contagious processes” which have been widely studied in
application to ecology and forestry (Matern, 1960), to cosmology (Neyman
and Scott, 1958), and in other contexts. For earthquakes it is natural to
suppose that the correlation effects arise from the occurrence of groups of
statistically related shocks. The models that we shall consider in this section
are all based on this idea. We shall not, however, immediately identify these
groups with earthquake swarms, after-shock sequences, and other groups
which are known to have occurred. In view of the practical difficulties of
identifying all members of a given swarm or after-shock sequence we shall
at first take no assumptions as to the nature of the groups, but attempt to
ascertain indirectly, by estimating the parameters of certain models, the
extent and character of the clustering effect.

The simplest model to allow for grouping is the compound Poisson
process, in which groups of events occur together at the instants of a
simple Poisson process. This model is not satisfactory as it stands, since
in practice the group will spread over a finite and conceivably large segment .
of the time' axis. A more suitable class of model can be built up in the
following way. Suppose that events initiating groups of shocks (“trigger
events’—not necessarily themselves shocks)* occur at the instants of a

*The case in which the trigger event is itself a shock can be brought within the scope €
of the analysis of allowing AA(#) to have a discrete component (atom) at 7= 0. i

| R
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simple Poisson process with constant rate . Let A(¢) be a decay function
with the properties ‘

A = 0 (t<0)
A#) > 0 (>0) (13)

0
J A(Hdr = 1

0

and suppose that the conditional probability that a shock will occur in the
small time interval (# + x, ¢ + x + dx), given that a trigger event occurred
at time #, is independent of ¢ and equal to AX(x). We shall assume also
that A itself, the quantity characterising the size of the groups, is a random
variable with distribution F(e), finite mean 2 and variance »

a'=  E(A) =J «dF(a)

(14)

)
v = Var (4) = J (e — )2 dF(a)

0

Finally we shall assume that separate trigger events generate independent
sequences of shocks, and that the random variables A, associated with dis-
tinct trigger events, are also independent.

It is not difficult to show that these assumptions define a stationary point
process, for which the instantaneous rate is given by

m = ua (15)
and covariance density by v
Cw) = (@ + ) J MO + #)ds A (16)

Hence (from Equations 6 and 7) the mean and variance of the numbers
of events in an interval of length 7 are given by

E[N(:)] = par | (17)

Var [N()] = Co(s) = par + 2p(# + ) [T (r — #)e(w)dz  (18)
‘\ do

where ¢(#) = J A A 4 #)de

0
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Similarly the rth covariance (the covariance between the numbets of shocks
in two intervals 7 apart, each of length 7) is given by

Ce(r) = p(@ + V)JT (r—0)e(rr +2) +c(rr —w)]de (192)

= HCl(r + Dr} + Cl(r — 1)7] = 2Go(rn)} (19b)

For r large,
Co(r) ~ @+ a +v)r | (20)

The right-hand side of this expression is the variance of a compound
Poisson process for which groups of events occur at rate pn, and the size
of the group has the distribution

pa = J o e dF(a) /n! (21)

o

This is also the distribution of the numbers of shocks in a group initiated by
a single trigger event. Thus Equation (20) expresses the fact that when
the interval becomes very large, we may ignore effects due to the shocks
within a single group spreading out along the time axis. It is important in
practice to know how quickly the asymptotic form (Equation 20) is reached.
The faster the function A(#) approaches zero, the faster the asymptotic form
is reached. The observed variances (Fig. 1) suggest that the asymptotic form
is reached only slowly, and hence that the decay function itself is not a
rapid one. ;

Such models have a fair degree of both intuitive appeal and of generality.
Their second-order properties depend on the two parameters us and
w(#? + v) and on the decay function A(#). Different choices of these quan-
tities give rise to vgarticular models that can be tested for fit against the
observed process. We shall consider in detail two choices of A(#), one with
an exponential decay

M) = pert (p>0) (22)
and the other with an inverse power-law decay
AR = per/(e+ et (¢>0) (23)

2.3—THE SPECTRUM

Estimates for the parameters of these models and the tests of goodness
of fit will not be based directly on the covariances described in the previous
section, but on their Fourier transform, the spectrum,

*
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o0
fT(w) = _}‘_,w Cn(7) cos no . (24)

The observed quantity corresponding to the theoretical spectrum is the
periodogram

N—1
-2 (%
I() = 1 —
v N

—N-+1

1

)C',,(-r) oS o (25)

2

N
(xt — it)eiwt
1

(25a)

where the C,(7) = C-,(+) are the observed covariances defined in Equation
(11), x, is the number of shocks in the #t interval, N is the total number of
intervals considered, and %, is the average of the x,.

According to Equations (24) and (25) the spectrum may be interpreted
as an analysis of the total variance into components corresponding to differ-
ent frequencies. In the case of a continuous variable—say a voltage varying
in time—the spectrum may be regarded as giving the average power trans-
ferred at different frequencies. In the case of a stochastic point-process this
interpretation no longer holds, but the analogy may give some idea of the
meaning of the spectrum to those not familiar with the theory. In particular,
a cyclic effect in the x, with period T' (measured in units of the basic interval
) will give rise to a peak in [ (o) at 0 = 27/T.

T

Under wide conditions, the ordinates
Ij = I(a)j) (m,‘ :27rj/N,j—-——-—0,1,...,N‘_'1)

are approximatei‘y uncorrelated. When the x; are independent, the I; are also
approximately identically distributed, and in particular, the expected value
of I;-is then approximately equal to the constant value ¢ = var (x;) for
all values of j. For such a process the theoretical spectrum is just a hori-
zontal line at height ¢2. These results are the basis of most of the simple
tests for cyclic effects.

In the case of a process with spectrum f(w), the ratio I/ = I,;/f; has
properties similar to those of the periodogram arising from independent
x; (Hannan, 1960). We shall use I/ for tests of goodness of fit of our
proposed models.

The periodogram is not a consistent estimator of the spectrum, and for
most purposes it is necessary to smooth it. Several methods have been
suggested ; we shall use Bartlett’s formula

M—1 ,
. I s
I(m) == (1 - o

—M+1

) ¢, cos oS (26)

Inset—2
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where M < N is chosen with regard to the degree of smoothing required.
This form may be regarded as (approximately) the result of averaging the
values of I (o) in the vicinity of «, or alternatively (again approximately) of
dividing the total record of data in to N/M sections of equal length, and
averaging the resulting periodograms.

The use of spectral methods in the analysis of stochastic point processes
has been discussed recently by Bartlett (1963). Bartlett uses the Fourier
transform of the covariance density

[o o}
o(v) = J C(t)eiot dt + m (27)

as the basis of his discussion, where C(#) and m are defined as in section
2:0, and we may take C(0) == 0. f (@) is related to ®(w) by
T

0

_ , o (o -+ 22m) /)
f o) = 4rsin *(Bo) > — = (28)
. (o + 2n7)?

—00
where 7 is the fixed interval length associated with f (). For the trigger
model of the previous section, ’

0 2
(o) = o+ u(a® +v) ll J A()etet dy ‘ : (29)

0

The idea of a doubly stochastic process mentioned in Bartlett’s paper is also
relevant. Such a process may be described as a Poisson process, whose para-
meter is itself a random function, say £(#).* The trigger models are of this
type, where £(f) is a “saw-tooth” function, whose peaks are located at the
trigger events. The decay from each peak is determined by the function A(#).

Bartlett estimates ®(w) directly by the statistic

| S exp (itw) |/T o)

where ¢, is the time of the st event, and T is the total time considered.
For our purposes f () has the advantage of the finite length, and is more

simply estimated, but suffers from “aliasing” (e.g., a peak at o in f (o) could

be due to peaks at any of x = w/7, x = (2nr + 0)/7, x = (2nz — 0)/7
in ®(x), although normally only the first four terms or so need be con-
sidered). In practice the difference between Equations (25) and (30) amounts
to a difference in the choice of 7. Perhaps g-ne most relevant factor here is
the time-scale of the effects we wish to study. If we are interested in the

*It is interesting to note that the spectrum of ¢(2) is just ®(w) — m (cf. 27).
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fine structure of the process—that is to say, in phenomena having a time-
scale of the same order as the typical interval between events—then we
should choose a value of r which is small with respect to this interval, and
such a choice corresponds to the statistic (Equation 30). On the other hand,
little information will be lost by taking a longer value of 7 if we are inter-
ested in phenomena having a larger time-scale. The aliasing effect remains
as a disadvantage of choosing intervals of equal length, but we shall not
enter into a discussion of other possibilities.

Two analyses will be described below. For the first of these we have taken
v = 0°1 year, and for the second r = 1 day. The first analysis was made
with the primary aim of investigating a possible cyclic effect ‘with a period
of two to three years. It also yields information about the covariance struc-
ture of the process over relatively long periods. The second analysis yields
considerably more information about the fine structure of the process. In this
case f () is a reasonable approximation to ®(w).

The smoothed periodograms resulting from the first analysis are shown
in Figs. 2-5, and those from the second analysis in Figs. 6-9. For the first
set N = 200 and M = 40 (in the notation of Equation 26), and for the
second set N = 7,304 and M = 200. We have also marked in the values
of the first few (unsmoothed) periodagram ordinates; the value &,(r), which
gives the mean height of the periodogram; theoretical spectra from several
proposed models; and approximate significance levels against the hypothesis
of independent x, with variance o2 = &o(7).

These levels refer to an overall maximum for the periodogram, and not
to a peak at a particular value chosen in advance. The marked value of
20% is a conservative estimate, obtained by regarding the smoothed periodo-
gram as the average of N/M independent components. This appears to give
a rather crude approximation, particularly when N/M is large, and a value
of 59, (based on the formulae in Hannan, 1960, section 3.3) might be more
appropriate for the one-day spectra. In any case, the significance levels for
a process with such complex structure are likely to be very approximate, and
should be taken only as a guide.

For the interpretation of these periodograms it is helpful to bear in mind
the forms of the spectra for the simple and compound Poisson processes men-
tioned previously. For the simple Poisson process with mean rate A = pg,

f (0) = par (31)

wheteas for the compound process to which our trigger model approximates
for long intervals,

flo) = pla+a®+o)r (32)

T

Hence for o corresponding to periods long compared with the lengths of
groups of shocks (o — 0) we might expect Equation (32) to hold, and for
short periods (o —> =) Equation (31) to hold. Is is apparent that this gives
the general form of the periodograms—a region of high values near the
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origin, subsequently decreasing towards a value cotresponding to the mean
rate. We shall consider the periodograms in more detail in the ensuing sec-
tions, where they will be compared with the spectra of some some trigger
models; it is clear at once, however, that no pronounced cyclic effects are
present.

In conclusion it should be noted that the variance curve, the covariances,
and the spectrum are merely different ways of expressing the same informa-
tion, the spectrum having the advantages of simpler interpretation, and of
transforming simply under simple transformations of the basic process.

2.4—TRIGGER MODEL wWITH EXPONENTIAL DECAY

If the decay function has the exponential form (Equation 22), the co-
variance density is also exponential, and formulae (Equation 18) and
(Equation 19) become

Co(r) = par + p(@ + v)7[1 — (1 —e77) /pr} (33)
Cu(r) = p(@* + v)r e (cosh pr —1)/pr €0))
The spectrum takes the form

COS w — €PT

f (@) = G + 2G,() | (35)
T 1 — 27 — 2¢97C0S
2 sin® (3o) sinh (pr)
= p@+ &+ v)r—— (@ +v) (352)
p cosh (pr) — cos o

In order to estimate the parameters of the model we shall first suppose
that the mean rate (uer) is determined directly as the total number of
shocks divided by the total time. The remaining parameters will be esti-
mated by using the method of least squares to fit a function of the form
(Equation 35) to the periodogram ordinates I; subject to the condition

2fi = 3; = NG,

These methods are a compromise between the demands of technique and
convenience. The periodogram ordinates, although approximately independ-
ent, are exponentially rather than normally distributed, while least-squares
methods have optimal properties for normal variates. A general theory of
maximum-likelihood estimation of. the spectrum has been developed by
Whittle and others (e.g., Whittle, 1952), but their formulae are not easy
to apply. With as many as 100 ordinates it seems likely that any two reason-
able methods of estimation will lead to similar estimates—although the least-
squares method will tend to give more weight to points for which f() is
large, than would Whittle’s method.
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The least squares equations lead, after some reduction, to the formulae

A(y) Co — par 1 Y
Py(y) + (1 —y)——Py(y) = + }
B(y) 2(L+ ) (4G=) Q+y)B(y)

and
éo — udT
p@+v)yr = —— log y
A(y)

where y = €7, A(y) =log y —(1 —v), B(y) = 1/y —2logy — v

. N—1
the dash denotes differentiation, and Py(y) is the polynomial 3} a, y™**
1

with coefficients ay = (1 — 1/N)&, + (#/N)Cy-n. Since y is of the order
of 0-2 these equations are readily solved by numerical methods, the poly-
nomials on the L.H.S. being largely determined by their first two or three
terms.

Although the spectrum depends on both 4 and #, as well as on y, there
are only two parameters in these equations, y and the factor u(#* + v)7.
The parameters 2 and » cannot be separated unless some particular func-
tional form is assumed for the distribution function F(e). This point will be
discussed in more detail in a later section. We have shown in Table 3 the
three parameters par, u(#* + ¢)r and y = 7, together with the half-life
(described below), and the ratio R = (¢ + 4% + v) /4. These are shown for
the total, shallow, and deep shocks. The corresponding spectra are shown
by the dotted lines in Figs. 2—4 and 6-8.

To assess the “‘goodness of fit” of the model, we first transform the
periodogram by forming

Iy = ILi/f;
where f; is the fitted spectrum at o = 27;/N.
We then examine the function

Ky =3 Iy
E<i

This function for the shallow shocks is shown in Fig. 10. The maximum
deviation of this function from the line y = x will, on the hypothesis that
the model is correct, follow the Kolmogorov-Smirnov law (e.g., Hannan,
1960). On this basis 209% and 5% significance levels are shown on the
diagram. This test does not indicate disagreement with the model.

However in no case is the agreement very good near the origin (Figs.
2-5), or with the one-day spectra. The behaviour of the spectrum near the
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origin has a reciprocal relation with the behaviour of the covariance func-
tion for large values of #; a sharp peak at the origin corresponds to a
slow rate of decay of the covariance density and vice versa. The exponential
spectrum in Figs. 2-5 is too flat near the origin, corresponding to the fact
that the observed covariances fall off much more slowly than exponentially.
Indeed, the values of C, calculated on the basis of Equation (34) are
negligable for # greater than about seven, while several of the observed
values, for example C,,, are quite large. It is hard to assess the significance
of these later values, but it seems likely that they could approach the 5%
level, if the exFonmtial model was taken as the null hypothesis. Similarly,
it can be seen from Fig. 1 that the exponential model underestimates V' ()
for large values of +.

The disagreement with the one-day spectra is of the opposite type. For
the short period, the exponential function is too flat. This effect is partly
due to the fact that we have normalised our model so that Co(7) = Co(7),
when 7 == 01 year. However, these results only enhance the general con-
clusion that the exponential model cannot match the observed process over
an extended range. For short periods the exponential function rises at the
origin too slowly; for longer periods it decays too fast.

To summarise, it appears that the exponential model does not afford a good
description of the data, although the disagreement is not sufficiently pro-
nounced for the model to be rejected by the Kolmogorov-Smirnov test
applied to the 0-1 year spectra.

These results have been obtained on the basis of the data for the shallow
shocks, but they are supported also for the data for the deep shocks. Indeed,
the peak at the origin in Fig. 3 is even: sharper than that in Fig. 2, indicat-
ing that for large 7 the covariance density decays even more slowly for the
deep shocks than it does for the shallow shocks.

This remark points to an important qualitative difference between the
deep and shallow shocks, which is confirmed by the results set out in
Table 3. A “half life” of a group of shocks may be defined as the time
after which, on the average, half the shocks of the group have occurred.
With the exponential model this equals (log, 2)/p. The higher value of the
half-life for the deep shocks suggests that for these the time scale is
longer than for the shallow shocks.

TABLE 3—Parameters for Trigger Model with Exponential Decay

par w@+v)r y=en R 3-life

(days)

All shocks 5-7 12-8 0-14 3.2 12-5
Shallow shocks 3-2 10-5 0-11 4.3 i1-5

Deep shocks 25 1-9 0-22 1-8 16-9
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2.5—WESTPORT EARTHQUAKE SEQT‘JENCE—1962

So far we have not isolated any particular earthquake sequence for exam-
ination, but analysed the list as a whole. In this section we consider a par-
ticular earthquake sequence that occurred near Westport, New Zealand, in
1962, in order to o%tain some justification for our next choice of decay
function. Our data is from Adams and Le Fort (1963).

The cumulative graph,of the number of shocks of magnitude greater than
or equal to three, against time, is shown in Fig. 11, together with a graph
of the function

(5 ]

with A = 100, p = 0-25, and ¢ == 0°25 days.

This suggests a decay function of the form

A() = per/(c+B)rre (23)

might give a better fit than the exponential function. It should be noted
that we have included here earthquakes of a lower magnitude than were
were used in the overall study, and that we have been concerned with a
relatively short period. The function (Equation 23) decays extremely slowly;
even at the end of the period shown, the cumulative graph has reached
little more than 759 of its asymptotic value.

The use of such a function in relation to after-shock sequences is by no
means new, and in particular it has been the subject of an extensive study
by Utsu (1961) of after-shock sequences in Japan. Whereas Utsu was largely
concerned with the analysis of individual sequences, in the section below we
shall examine how far the same hypothesis 1s capable of explaining overall
features of the data, as reflected in the periodograms of Figs. 2~-9.
~ As a final remark, it is worth pointing out that in Fig. 11 there is a
tendency for the shocks to occur in groups within the aftershock sequence
itself.

2'6——TRIGGER MoDEL WITH INVERSE POWER-LAW DECAY
With A(#) = pe#/(¢+#)1+Pand 0 < p < 05 the variance

2/,4,(42 + 1/‘)(' T 1-p T
Co(r) = pla+ @&+ v)r— [( ) - é(
¢ c

1-2p
= )
p T -p T —(1+p)
+ —— — p( ) + 0( ) ] (36)
1 —2p ¢ ¢

where £ is numerical constant, approximately equal to 0°9 when p = 0-25.
The covariances ‘

~(1+p)

T \**
Culr) ~ @ + v)rp(—) . @7)
, \ ¢




268 N.Z. JouRNAL OF GEOLOGY AND GEOPHYSICS VoL. 9

T .
for 7 and ( ) large. There does not appear to be a simple formula for

¢

the spectrum, but the non-aliased form

®(x) = pa+ u(@ +v) | exp (— ipn/2) T(1 —p)(ex)?

®  (cx)! *
+pd— | (38)
*G=pit |

~ pa + p(a® + v)p?/(cx)? for cx large.
The main feature of ®(x) and hence f (x) is the very sharp peak at the

T

origin—see Fig. 3. This cannot be reproduced on a smoothed periodogram
for two reasons. Firstly, from Equation (25a), the effect of centring the
observations at the observed mean ¥, is to reduce the value of the periodogram
at the origin to zero. Removal of the linear trend will have a similar effect.
Secondly, the smoothing itself will tend to remove any sharp peaks. The
unsmoothed I; should not be greatly affected by this, and so we have shown
I—1,, in Figs. 2-5. These values have the compensating disadvantage that
their standard deviation is of the same order as their expected value, so
that little significance can be placed on their positions as individuals,

Estimating the parameters of the model is again difficult, The previous
article sugfgests taking p = 0-25. In this case the variance can be expressed

in terms of elliptic integrals,
V(r) = Co(r) = par + p(a® + o) {1 —I(a) } (39)
8a 2t 3
where  I(a) = — — 2( ) [2F(¢, w/4) — E(¢, n/4) ]
40—
? 1—at ’

and a = cos ¢ = {¢/(c+ )}, and E (¢, =/4), F($, =/4)

are elliptic integrals of the first and second kinds, respectively.
If we then equate par

.

[ 0

Cl 1

we find for the shallow shocks, p(4® + »)r = 31°1, ¢ = 2°3 days, and for
the deep shocks, u(#* + v)r = 62, ¢ = 34 days. The corresponding
“half-lives” are 35 days and 51 days respectively, although for such power-
law models the “half-life” gives a poor indication of the time range, and
the dependence remains appreciable for several years. ~ :

O O X
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These values of ¢ are considerably larger than the value for the Westport
sequence, and for this reason a second power-law model for the shallow
shocks was taken, with ¢ = 037 days. For this model we have set
uwer = % and (in order to secure a good fit with the one-day spectrum)
w(a® + v)r = 183, The “half-life” corresponding to his value of ¢ is
5.2 days.

The spectra-for the first models are shown by the dashed lines in Figs. 3
and 6 (shallow shocks), and Figs. 4 and 7 (deep shocks). The second
power-law model for the shallow shocks is showtfegy the half-dashed line
in Figs. 3 and 6. The corresponding graphs of V' (7)/r are shown for the
shallow shocks in Fig. 1.

Taking the shallow shocks first, we see that both the power-law spectra
fit the 0-1 year periodograms reasonably well. As compared with the exponen-
tial model, there is an improvement of fit near the origin, but the overall
shape of the graph is not greatly altered. The Kolmogorov-Smirnov test
again indicates no significant disagreement with the model.

The results shown in Fig. 1 and the one-day periodogram are more
interesting. From Fig. 1 it can be seen that the power law with the larger
value of ¢ gives a better picture of the growth of the covariance for moderate
values of 7. On the other hand, the behaviour of the process for small
values of 7 appears to be better described by the power law with the smaller
value of ¢. This is shown up particularly well by the one-day spectra (Fig. 6).
Again it appears that no single model will give a satisfactory deseription of
the process over the whole range of values of r.

The one-day spectra show further discrepancies with the observed periodo-
gram near o == . This effect shows up most strongly in the scaled periodo-
gram I'(0) = I(»)/f(a), which is shown in Fig. 12. The peak at 7 indi-
cates .2 marked deviation from the behaviour to be expected from any of
the simple trigger models. It is significant at about the 249% level.* The
interpretation of this peak will be taken up in Section 3.

Figs. 4 and 7 show that for the deep shocks the power-law model gives a
reasonable fif both with the 0'1 year and the one-day periodograms. A
further model (with a “block decay” function) will be described in
section 3. The deep shocks show no sign of the peaks near « on the one-day
periodogram,

2.7—ENERGY SPECTRA

It might be‘thought possiblé to use a periodogram calculated from the
energy released by earthquakes in successive periods. In fact it is unsatisfac-

*Care has to be taken in assessing the significance of this peak, since the periodogram
ordinates at 0, 7 are (roughly speaking) based on distributions with half the usual
number of degiees of freedom. A further difficulty is that the theoretical spectrum
f(w) has not been scaled so that it encloses the same area as the observed periodo-
gram (i.e., the variances have not been exactly matched). Howevet, for any simple
model, the spectrum should approach the value pz as «» approaches 7, and. rescaling
(by altering. the value of u(4* + v)7) will modify the spectrum near @ = 0, not near
w = 7. Thus. the significance of the peak at © = 7 will not be greatly affected by
such changes. ‘ .

s
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tory to do this directly because of the very large fluctuations in the energy
released. The periodogram conveys very little information since it is almost
entirely determined by the few earthquakes of large magnitude; thus no
grouping effects are apparent in such a study. The logarithm of the energy
in each imterval (plus a constant to keep the logarithm finite when no earth-
quakes are recorded) is better behaved, and its periodogram shows evidence
of some covariance structure. Other possibilities (fractional powers of the
energy released) might also be considered, but their physical interpretation
is not clear. Some recent studies (Keilis-Borok and Malinovskaya, 1964)
have suggested that this might prove a fruitful field for further investiga-
tion. We shall not be able to consider it further in the present paper.

%

EVALUATION OF THE RESULTS
3.1—SHALLOW SHOCKS

No significant periodic effects are apparent, at least within the ranges
covered by the 0'1 year and one-day spectra (say three months to three
years and 3~15 days).

The grouping effect is certainly si%niﬁcant. This is shown both by a direct
examination of the covariances and by the spectra. Thus the simple Poisson

model cannot be accepted as an adequate description of earthquake occur-
rence among the shallow shocks.

None of the proposed models seems to give a fully satisfactory account of
the grouping effect. There are disagreements both for very long periods and
for very short periods. The continued growth of the variance for large
values of + tells heavily against the exponential model, and suggests that
the dependence among shocks may last for many months. The first power-
law model (¢ = 2-6) gives a reasonable fit for moderate values of 7, but
even this model appears to underestimate the variance when r is very large.
This fact points to the possibility that some of the basic assumptions under-
lying the model may be at fault. The fluctuations in activity_from year to
year may be too large to be represented in terms of any simple stationary
model, even after the removal of linear trends. Alternatively we may be
faced with a process whose variance diverges. The validity of any second-
order analysis would have to be examined carefully in this case.

The disagreements for short periods are also very interesting. A feature of
the covariances C, for the one-day analysis is that they drop away quite slowly
from a very high initial value C,. For this reason the exponential and first
power-law models, which give a reasonable fit for the 0-1 year spectra, are
here quite inappropriate. A much better fit is given by the second power-
law, which has a smaller time scale (the parameter ¢ being reduced by a
factor of 6-7). On.the other hand this model agrees less well with the
behaviour of the process for larger values of r, particularly as regards the
variance curve shown in Fig. 1.

A second remarkable feature of the one-day analysis is the peak in the
periodogram at » = «. This peak may be partly a genuine periodic effect,
but it seems rather to mark a failure of the periodogram to decay to the
mean rate as quickly as the theoretical spectra. This is most likely an indica-
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tion of a secondary grouping effect within the main process. Such an effect
would have a characteristic time scale of the order of one to five days, as
compared with characteristic time scale of one to six months for the main
effect: The records of after-shock sequences such as the Westport sequence
lend some direct support to this hypothesis. All of these ideas need further
investigation. '

As was pointed out in a previous section, the quantities u, 4, and » cannot
be separated by the present analysis, without making some further hypotheses
about the distribution of the number of shocks in a group. However, it would
seem unwise to try and give a particular form to this distribution, because
of the extremely skew form suggested by a direct examination of the groups
(see Table 7 in the earlier paper). In fact the appearance of this distribution
raises again the unpleasant possibility of infinite variance.

Despite these difficulties it may be of some interest to compare different
estimates of the ratio

R = p(a+ 4 +v)/pa

which can be interpreted as the ratio of the mean-square group-size to the
mean group-size. For the first power-law model R = 11, and for the second
R = 6. An estimate can also be obtained directly from the spectrum by using
the first few periodogram ordinates to estimate y (¢ -+ 4* -4 v) (Equation
32).

This method suggests R = 8. These values are larger than would be
obtained from the distribution of group sizes given in the earlier paper, or
from the exponential model. .

3.2—DEEP SHOCKS

Again there is no evidence of significant periodic effects.

Both the 0°1 year and one-day periodograms show marked differences from
the corresponding periodograms for the shallow shocks. The 01 year spec-
trum has a high narrow peak at the origin. This may be partly due to second-
order or higher trends which have not been removed, but the covariances
alone leave little doubt that a significant grouping effect is present. Thus
the Poisson model is rejected for this class also. The high, narrow peak
suggests a small dependence extending over very long periods. The exponen-
tial and power-law models suggest that the time scale for the deep shocks
may be anything from one and a half to three times longer than for the
shallow shocks. As an alternative method of obtaining a rough estimate of
this time scale, we have fitted to the data a trigger model having a"decay
function of “‘block” type,

AP = 1T (R RE
= 0 otherwise.
In this case
o(x) = pa+ 4p(a® + v) sin? (3«T) /x?T?
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The parameters were estimated from the height of the first two periodogram
ordinates, and the point at which the spectrum drops down to its lower
value pa. The results are o

T = 4 years
p(@+v)r = 12
R =6

The value of T may seem rather long compared with those given by the
other models, but it should perhaps be compared with the “759% life” rather
than the “half-life”, the former having the values 34 days and 2+4 years
for the exponential and power-law models, respectively. ;

The one-day periodogram shows little evidence of the fine structure which
is present with the shallow earthquakes. The two peaks corresponding to
periods near three and four days approach significance, and may be due to a

henomenon similar to that which causes the peak at a period of two days
or the shallow shocks. Such an interpretation would conform to the idea of
a dilated time scale at greater depths.

3.3—ToTAL SHOCKS

We will not propose a model here because of the different forms of
clustering, which apparently predominate at different depths.

It is of interest to compare the sum of the shallow- and deep-shock
periodograms with that of the total shocks. If the shallow and deep shocks
are independent the sum of their periodograms should be equal to that of
the total shocks. No significant difference shows up, although there is some
difference near the origin. This may point towards a correlation with a
considerable time delay, but a cross-correlation analysis would be needed
before any more definite statement could be made.

3.4—MOoDIFIED LIST OF SHALLOW SHOCKS

As pointed out earlier and in the previous paper, the Poisson model is
still unsatisfactory here. This indicates that some grouping is still present.
The one-day periodogram shows that the close grouping has been largely
removed, -although there are still some signs of a peak near « corresponding
to a period of two days.

More extensive and varied types of “purging” might provide another
method leading to information about the grouping eﬁ‘e%i1 P '

4—DiscussioN oF METHOD AND CONCLUSIONS

(a) The theory of stochastic point processes provides a suitable setting for
a statistical study of earthquake occurrence. Useful information can be
obtained from the covariances, periodograms, variance-time curves, and the
distributions of interval lengths between shocks. For a preliminary survey
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perhaps the most useful tool is a periodogram analysis based on the numbers
of shocks occurring in successive intervals of equal length. The choice of
interval-length should be related to the time scale of the effect being studied.

(b) The methods have the limitations of utilising only the time coordinates
of the shocks, and only first- and second-order moments. Information is
lost by neglecting the other coordinates and the higher-order moments. In
addition, the techniques used require that the first-, second-, and third-order.
properties of the process are finite, but the results so far obtained suggest
that the possibility of divergent moments must be borne in mind.

(c) The “contagious processes” provide a suitable class of models which can
be applied to earthquake occurrence. In particular, earthquake occurrence
can be described in a general way by trigger models, where the (conditional)
probability of a shock occurring at a time ¢ after a trigger event is propor-
tional to a decay function A(#). The power-law form for A(#) gives a better
general fit than the exponential form, but the tests used did not show up
any significant difference between them. None of the models discussed can
be considered fully satisfactory, as they fail to predict the continued growth
of the variance for long intervals, and the details of the short-term
structure.

(d) The New Zealand data show no evidence of any genuine periodic effect
with a period of moderate length (say one month to two years). On the
other hand, each class of data shows strong evidence of clustering, and for
each class the Poisson model must be rejected in favour of some more
complex process. The time-period covered by the analysis is barely long
enough to give an accurate idea of the grouping effect, especially with the
deep shocks, and certainly no effects involving times comparable with or
greater than 20 years could have been detectef

(e) There are important qualitative differences between the grouping effects
for the deep and shallow shocks. Estimates of the quantity R (the ratio of
the mean-square group-size to the mean group-size) vary from 43 to 11
for the shallow shocks, and from 1-8 to 6 for the deep shocks. Moreover the,
time scale of the grouping effect appears to be longer for the deep shocks
than for the shallow shocks, being of the order one to six months for the
shallow shocks and up to four years for the deep shocks. A secondary group-
ing effect with a period of two days appears in the shallow shocks, but is
not present in the deep shocks, although these show some signs of secondary
effects with periods of three to four days.
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7—Shallow shocks; periodograms based on 1 day intervals. (Mean 0+090, variance 0-140.)
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Fic. 8—Deep shocks; periodograms based on 1 day intervals. (Mean 0-0652, variance 0-0713.)
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F16. 9—Modified shallow shocks; periodograms based on 1 day intervals. (Mean 0-622, variance 0-0654.)
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F16. 10-—Shallow shocks; exponential decay trigger model, Kolmogorov-Smirnov test.
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Fic. 11—Westport earthquake sequence of 1962; cumulative -graph. (Smooth curve
is decay function with A = 100 &, ¢ = 0-25 day, p = 0-25.)
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Fic. 12—Shallow shocks; scaled periodogram I(w)/}(w) based on the spectrum for the 2nd power-law model.
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